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Abstract
The present paper is considered a two-dimensional half-linear diﬀerential system:
x′ = a11(t)x + a12(t)φp∗ (y), y′ = a21(t)φp(x) + a22(t)y, where all time-varying coeﬃcients
are continuous; p and p∗ are positive numbers satisfying 1/p + 1/p∗ = 1; and
φq(z) = |z|q–2z for q = p or q = p∗. In the special case, the half-linear system becomes
the linear system x′ = A(t)x where A(t) is a 2× 2 continuous matrix and x is a
two-dimensional vector. It is well known that the zero solution of the linear system is
uniformly asymptotically stable if and only if it is exponentially stable. However, in
general, uniform asymptotic stability is not equivalent to exponential stability in the
case of nonlinear systems. The aim of this paper is to clarify that uniform asymptotic
stability is equivalent to exponential stability for the half-linear diﬀerential system.
Moreover, it is also clariﬁed that exponential stability, global uniform asymptotic
stability, and global exponential stability are equivalent for the half-linear diﬀerential
system. Finally, the converse theorems on exponential stability which guarantee the
existence of a strict Lyapunov function are presented.
MSC: 34D05; 34D20; 34D23; 37C75; 93D05; 93D20; 93D30
Keywords: uniform asymptotic stability; exponential stability; half-linear diﬀerential
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1 Introduction
We consider a system of diﬀerential equations of the form
x′ = a(t)x + a(t)φp∗ (y),
y′ = a(t)φp(x) + a(t)y,
(.)
where the prime denotes d/dt; the coeﬃcients a(t), a(t), a(t), and a(t) are continu-










|z|q–z if z = ,
 if z = ,
z ∈R
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with q = p or q = p∗. Note that φp∗ is the inverse function of φp, and the numbers p and p∗
are naturally greater than . Hence, we also note that the right-hand side of (.) does not




dzφp(z) = limz→(p – )|z|
p– =∞,










if p > . Since φp() =  = φp∗ (), system (.) has the zero solution (x(t), y(t))≡ (, ). The
type of system (.) appeared in [–]. Let u = exp(–
∫
a(t)dt)x and v = exp(–
∫
a(t)dt)y.
Then we can transform system (.) into the simpler system
u′ = a(t)φp∗ (v), v′ = b(t)φp(u),
where
a(t) = a(t) exp
(∫
{















The problem of the global existence and uniqueness of solutions of this type of system
are treated in [, , ]. However, keep in mind that we do not require the uniqueness of
solutions of (.) throughout this paper.










– a(t)φp(x) = . (.)
If x(t) is a solution of (.), then cx(t) is also a solution of (.) for any c ∈ R; that is,
the solution space of (.) is homogeneous. However, even if x(t) and x(t) are two
solutions of (.), the function x(t) + x(t) is not always a solution of (.); that is,
the solution space of (.) is not additive. For this reason, this equation is often called
‘half-linear’. For example, half-linear diﬀerential equation or half-linear diﬀerential sys-
tem can be found in [–] and the references cited therein. Furthermore, we can con-
ﬁrm that the global existence and uniqueness of solutions of (.) are guaranteed for
the initial value problem (see [, ]). To study half-linear diﬀerential equations is im-
portant in the ﬁeld of diﬀerence equations, dynamic equations on time scales, partial
diﬀerential equations and various functional equations, because the method of diﬀeren-
tial equation might be able to use for them. The reader may refer to [–] for exam-
ple.
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In the other special case, p = , (.) becomes the two-dimensional linear diﬀerential
system
x′ = a(t)x + a(t)y,
y′ = a(t)x + a(t)y.
We now consider more general linear diﬀerential systems of the form
x′ = A(t)x, (.)
with an n × n continuous matrix A(t). It is well known that the zero solution of (.) is
uniformly asymptotically stable if and only if it is exponentially stable (see Section  about
the precise deﬁnitions of uniform asymptotic stability and exponential stability). To be
precise, the following theorem holds (for the proof, see ([],pp.-), ([], p.), ([],
pp.-) and ([], pp.-)).
TheoremA If the zero solution of (.) is uniformly asymptotically stable, then it is expo-
nentially stable.
In general, uniform asymptotic stability is not equivalent to exponential stability in the
case of nonlinear systems. Actually, we consider the scalar equation x′ = –x (see ([],
p.) and ([], p.)). Clearly, this equation has the unique zero solution x(t; t, )≡ . In
the case that x = , the solution of this equation passing through a point x ∈ R at t ∈ I
is given by
x(t) = x√
 + x(t – t)
.
It is known that the zero solution of this equation is uniformly asymptotically stable. How-







 + x(t – t)
→ ∞ as t → ∞
for any  > . It is clear that the solution x(t) does not converge to the zero solution expo-
nentially; that is, the zero solution is not exponentially stable. Here, the ﬁrst question of
this paper arises. Will uniform asymptotic stability guarantee exponential stability, even if
the half-linear diﬀerential system (.) is nonlinear? We now give the answer to this ques-
tion.
Theorem . If the zero solution of (.) is uniformly asymptotically stable, then it is ex-
ponentially stable.
Uniform asymptotic stability and exponential stability are of utmost importance for con-
trol theory. For example, we can assert that these stabilities guarantee the existence of a
Lyapunov function which has good characteristics. Such results is called ‘converse the-
orems’ on stability. The converse theorems are important in studying the properties of
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solutions of perturbed systems. We will consider the general nonlinear system
x′ = f(t,x), (.)
where f(t,x) is continuous on I × Rn and satisﬁes f(t,) = . We deﬁne the set Sα = {x ∈
R
n : ‖x‖ < α} for α > . Let x(t; t,x) be a solution of (.) passing through a point x ∈Rn
at a time t ∈ I . It is well known that if we suppose that f(t,x) satisﬁes locally Lipschitz
condition with respect to x and if the zero solution of (.) is uniformly asymptotically
stable, then there exists a strict Lyapunov function (or strong Lyapunov function) V (t,x);
that is, the scalar function V (t,x) deﬁned on I × Sα , where α is a suitable constant, which
satisﬁes the following conditions:
(i) a(‖x‖)≤ V (t,x)≤ b(‖x‖);
(ii) V˙(.)(t,x)≤ –c(‖x‖),
where a, b, and c are continuous increasing andpositive deﬁnite functions and the function
V˙(.)(t,x) is deﬁned by
V˙(.)(t,x) = lim sup
h→+
V (t + h,x(t + h; t,x)) –V (t,x)
h
(see [–]).
Furthermore, global exponential stability guarantees the existence of better Lyapunov
functions in the sense that it can be estimated by exact functions. The deﬁnition of global
exponential stability is as follows. Let ‖x‖ be the Euclidean norm. The zero solution is said
to be globally exponentially stable (or globally exponentially asymptotically stable or expo-
nentially asymptotically stable in the large) if there exists a λ >  and, for any α > , there
exists a β(α) >  such that t ∈ I and ‖x‖ < α imply ‖x(t; t,x)‖ ≤ β(α)e–λ(t–t)‖x‖ for all
t ≥ t. For example, we can refer to the books [–, , , ] for this deﬁnition. The
following result is a converse theorem on (global) exponential stability, which guarantees
the existence of a Lyapunov function estimated by quadratic form ‖x‖ (see [, , ,
]).




∥ ≤ L(α)‖x – y‖
for (t,x), (t,y) ∈ I × Sα , where L(α) is independent of t ∈ I . If the zero solution of (.) is
globally exponentially stable, then there exist three positive constants β(α), β(α), β and
a Lyapunov function V (t,x) deﬁned on I × Sα which satisﬁes the following conditions:
(i) β(α)‖x‖ ≤ V (t,x)≤ β(α)‖x‖;
(ii) V˙(.)(t,x)≤ –β‖x‖,
where α is a number given in the deﬁnition of global exponential stability.
In addition, another type converse theorem on (global) exponential stability can also be
found in the classical books [, ].
Theorem C Suppose that f(t,x) satisfy locally Lipschitz condition. If the zero solution of
(.) is globally exponentially stable, then there exists a Lyapunov function V (t,x) deﬁned
on I × Sα which satisﬁes the following conditions:
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(i) ‖x‖ ≤ V (t,x)≤ β(α)‖x‖;
(ii) V˙(.)(t,x)≤ –kλV (t,x), where  < k < ;
(iii) there exists an L(t,α) >  such that |V (t,x) –V (t,y)| ≤ L(t,α)‖x – y‖ for
(t,x), (t,y) ∈ I × Sα ,
where α, β , and λ are numbers given in the deﬁnition of global exponential stability.
When restricted to the case of the linear system (.), the following facts are known (see
([], pp.-), ([], p.) and ([], p.)).
TheoremD If the zero solution of (.) is exponentially stable, then it is globally exponen-
tially stable. In this case, we can ﬁnd a β >  independent of α in the deﬁnition of globally
exponentially stable.
From Theorems A and D, for the linear diﬀerential system (.), uniform asymptotic
stability and global exponential stability are equivalent. In the case of the linear system
(.), the following converse theorem on (global) exponential stability is known (see ([],
pp.-), ([], p.) and ([], p.)).
Theorem E Suppose that the zero solution of (.) is globally exponentially stable, i.e.,





for all t ≥ t.Then there exists a Lyapunov function V (t,x) deﬁned on I×Rn which satisﬁes
the following conditions:
(i) ‖x‖ ≤ V (t,x)≤ β‖x‖;
(ii) V˙(.)(t,x)≤ –λV (t,x);
(iii) |V (t,x) –V (t,y)| ≤ β‖x – y‖ for (t,x), (t,y) ∈ I ×Rn.
To present our result, we give some deﬁnitions of stability and its equivalent conditions
in the next section. Also, we give a proposition which is the most important property for
the proof of Theorem .. In Section , we state the proof of Theorem .. In Section , we
give a natural generalization of Theorem D with n = . In the ﬁnal section, we present the
converse theorems for half-linear system (.), for comparison with Theorems B, C, and E.
2 Deﬁnitions and lemmas
We now give some deﬁnitions about the zero solution x(t; t,) ≡  of (.). The zero
solution is said to be uniformly attractive if there exists a δ >  and, for every ε > , there
exists a T(ε) >  such that t ∈ I and ‖x‖ < δ imply ‖x(t; t,x)‖ < ε for all t ≥ t + T(ε).
The zero solution of (.) is said to beuniformly stable if, for any ε > , there exists a δ(ε) > 
such that t ∈ I and ‖x‖ < δ(ε) imply ‖x(t; t,x)‖ < ε for all t ≥ t. The zero solution is
uniformly asymptotically stable if it is uniformly attractive and is uniformly stable. The
zero solution is said to be exponentially stable (or exponentially asymptotically stable);
if there exists a λ >  and, given any ε > , there exists a δ(ε) >  such that t ∈ I and
‖x‖ < δ(ε) imply ‖x(t; t,x)‖ ≤ εe–λ(t–t) for all t ≥ t. For example, we can refer to the
books and papers [, , , –] for those deﬁnitions.
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In this section, before giving the proof of Theorem ., we prepare some lemmas. First,
we will give the conditions which are equivalent to the abovementioned deﬁnitions. Some
of these conditions are applicable to the proof of Theorem .. For x = (x, y) ∈R and p≥ ,
we deﬁne a norm ‖x‖p by p
√|x|p + |y|p. This norm is often called the ‘Hölder norm’ or the
‘p-norm’ (see [, , , , ]).
Lemma . The zero solution of (.) is uniformly attractive if and only if there exists a











for all t ≥ t + S(ρ).
Proof First we prove the necessity. We suppose that the zero solution of (.) is uniformly
attractive. That is, there exists a δ >  and, for every ε > , there exists a T(ε) >  such















For every  < ρ < , we determine ε = ρp/ and S(ρ) = T(ρp/). We consider the so-
lution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x,φp∗ (y))‖p < γ. From
p
√|x|p + |y|p∗ = ‖(x,φp∗ (y))‖p < γ it follows that
|x| < γ and |y| < γ
p
p∗ .















































x(t; t,x, y), y(t; t,x, y)
)∥
∥ < ε = ρ
p

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for t ≥ t + S.
Conversely, we prove the suﬃciency. We suppose that there exists a γ >  and, for
every ρ > , there exists an S(ρ) >  such that t ∈ I and ‖(x,φp∗ (y))‖p < γ imply








For every  < ε < , we determine ρ = (ε/
√
)p/p and T(ε) = S((ε/
√
)p/p). We consider
the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x, y)‖ < δ. From
‖(x, y)‖ < δ it follows that
|x| < δ and |y| < δ.



















































for t ≥ t +T . Taking into account that this inequality and  < ε/ < ≤ p/p, and p/p∗ ≥ 
hold, we have





















x(t; t,x, y), y(t; t,x, y)
)∥
∥ < ε
for t ≥ t + T . This completes the proof of Lemma .. 
By using the same arguments as in Lemma ., we can prove the following lemma.
Lemma . The zero solution of (.) is uniformly stable if and only if, for any ρ > , there










for all t ≥ t.
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Proof First we prove the necessity. We suppose that the zero solution of (.) is uniformly
stable. That is, for any ε > , there exists a δ(ε) >  such that t ∈ I and ‖(x, y)‖ < δ(ε)
imply ‖(x(t; t,x, y), y(t; t,x, y))‖ < ε for all t ≥ t. For every  < ρ < , we determine an


















We consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x,
φp∗ (y))‖p < γ . From p
√|x|p + |y|p∗ = ‖(x,φp∗ (y))‖p < γ it follows that
|x| < γ and |y| < γ
p
p∗ .






x + y <
√







































x(t; t,x, y), y(t; t,x, y)
)∥
∥ < ε = ρ
p











































for t ≥ t.
Conversely, we prove the suﬃciency.We suppose that for any ρ > , there exists a γ (ρ) >
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We consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x, y)‖ < δ.
From ‖(x, y)‖ < δ it follows that
|x| < δ and |y| < δ.

















































for t ≥ t. Taking into account that this inequality and  < ε/ <  ≤ p/p and p/p∗ ≥ 
hold, we have





















x(t; t,x, y), y(t; t,x, y)
)∥
∥ < ε
for t ≥ t. This completes the proof of Lemma .. 
Furthermore, by using the same arguments as in Lemmas . and ., we have the fol-
lowing result.
Lemma . The zero solution of (.) is exponentially stable if and only if there exists a











for all t ≥ t.
Proof First we prove the necessity. We suppose that the zero solution of (.) is expo-
nentially stable. That is, there exists a λ >  and, given any ε > , there exists a δ(ε) > 
such that t ∈ I and ‖(x, y)‖ < δ(ε) imply ‖(x(t; t,x, y), y(t; t,x, y))‖ ≤ εe–λ(t–t) for
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We consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x,
φp∗ (y))‖p < γ . From p
√|x|p + |y|p∗ = ‖(x,φp∗ (y))‖p < γ it follows that
|x| < γ and |y| < γ
p
p∗ .






x + y <
√







































x(t; t,x, y), y(t; t,x, y)
)∥




















































for t ≥ t.
Conversely, we prove the suﬃciency.We suppose that there exists aμ >  and, given any
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We consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x, y)‖ < δ.
From ‖(x, y)‖ < δ it follows that
|x| < δ and |y| < δ.



























































































x(t; t,x, y), y(t; t,x, y)
)∥
∥ ≤ εe–λ(t–t)
for t ≥ t. This completes the proof of Lemma .. 
In the special case in which p = , (.) becomes the linear system. As is well known, the
solution space of the linear system is homogeneous and additive. On the other hand, in
the general case in which p = , the solution space of (.) is not homogeneous or additive.
However, we can show that (.) has a homogeneous-like property on the solution space.
Lemma . If (x(t), y(t)) is a solution of (.) passing through a point (x, y) ∈ R at t =
t ∈ I , then (cx(t),φp(c)y(t)) is also a solution of (.) passing through a point (cx,φp(c)y) ∈
R
 at t = t for any c ∈R.
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Proof We consider the solution (x(t), y(t)) of (.) passing through a point (x, y) at t = t.
Let x˜(t) = cx(t) and y˜(t) = φp(c)y(t) with c ∈R. It is clear that (x˜(t), y˜(t)) = (cx,φp(c)y) is
satisﬁed. Since φp∗ is the inverse function of φp, we have


















We therefore conclude that (cx(t),φp(c)y(t)) is also a solution of (.) passing through a
point (cx,φp(c)y) at t = t. 
We state the following proposition, which is the most important property for the proof
of Theorem ..
Proposition . If the zero solution of (.) is uniformly attractive, then there exists a γ >


















for all t ≥ t + kT(ν) and k ∈N.
Proof By using the assumption and Lemma ., there exists a γ >  and, for every ν > ,




x(t; τ , ξ ,η),φp∗
(






for all t ≥ τ + S.








t; t + (k – )T ,x, y
))












t; t + (k – )T ,x, y
))
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for all t ≥ t + kT . This completes the proof of Proposition .. 
3 Exponential asymptotic stability
In this section, we give the proof of the main theorem.
Proof of Theorem . By using uniform attractivity of (.) and Proposition ., there exist

















for all t ≥ t + kT and k ∈N.
Because of the uniform stability of (.) and Lemma ., there exists a γ (γ) >  such




x(t; t, ξ ,η),φp∗
(
y(t; t, ξ ,η)
))∥
∥
p < γ (.)
for all t ≥ t. Let λ = /T . For every ε > , we determine a
δ(ε) = γ ε
γe
> .
We now consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x,






x(t; t,x, y), y(t; t,x, y)
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for t + T ≤ t ≤ t + T . By means of the same process as in the above mentioned esti-











for t + (κ – )T ≤ t ≤ t + κT and κ ∈N. Hence, by t ≤ t + κT we have












for t + (κ – )T ≤ t ≤ t + κT and κ ∈N. Note that we can divide the interval [t, t + κT]
as




t + (n – )T , t + nT
]










for t ≥ t. Using Lemma ., we conclude that the zero solution of (.) is exponentially
stable. This completes the proof of Theorem .. 
Note here that the proof of Theorem . does not require the uniqueness of solutions
for the initial value problem.
4 Global exponential stability
Clearly concepts of above mentioned stability are local theory about the zero solution.
In this section, we will discuss any initial disturbance and initial state. We consider the
nonlinear scalar equation x′ = –x+ x (see [], p.). It is easy to see that the solution of
this equation is given by
x(t; t,x) =
x
x – (x – )et–t
,
where t ∈ I and x ∈ R. Clearly, x(t; t, ) ≡  and x(t; t, ) ≡  are the trivial solution. If
x < , then x(t; t,x) →  as t → ∞. Moreover, for every  < ε < , we choose δ(ε) = ε/.






 – |x|( – e–(t–t)) <
|x|e–(t–t)
 – |x| < εe
–(t–t)
for t ≥ t. This means that the zero solution is exponentially stable. On the other hand, if
 < x, then x(t; t,x) → ∞ as t → t + log(x/(x – )); that is, in the case that  < x, all
solutions are unbounded. Therefore, we can conclude that local theory and global theory
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are completely diﬀerent concepts. Here, the second question of this paper arises. Will ex-
ponential stability guarantee global exponential stability, even if the half-linear diﬀerential
system (.) is nonlinear? We now give the answer to this question.
Theorem . If the zero solution of (.) is uniformly asymptotically stable, then there

















for all t ≥ t, where β >  is independent of the size of ‖(x,φp∗ (y))‖p.
Proof By virtue of Theorem ., it turns out that the uniform asymptotic stability of (.)
implies exponential stability. Using Lemma ., there exist a λ >  and a δ() >  such that




x(t; t, ξ ,η),φp∗
(




for all t ≥ t.
We choose β = /δ. Let t ∈ I and (x, y) ∈R be given. We may assume without loss of
generality that (x, y) = (, ). Consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.).






x(t; t,x, y), y(t; t,x, y)
)

























Using Lemma ., (cx(t),φp(c)y(t)) is also a solution of (.) passing through a point
















































for all t ≥ t. This completes the proof of Theorem .. 
Theorem . is a natural generalization of Theorem D with n = . Actually, in the case
that p = , Theorem . becomes Theorem D with n = .
Moreover, let us give some deﬁnitions. The zero solution of (.) is said to be glob-
ally uniformly attractive (or uniformly attractive in the large) if for any α >  and any
ε > , there exists a T(α, ε) >  such that t ∈ I and ‖x‖ < α imply ‖x(t; t,x)‖ < ε for
all t ≥ t +T(α, ε). The solutions of (.) are said to be uniformly bounded if, for any α > ,
there exists a B(α) >  such that t ∈ I and ‖x‖ < α imply ‖x(t; t,x)‖ < B(α) for all t ≥ t.
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The zero solution of (.) is globally uniformly asymptotically stable (or uniformly asymp-
totically stable in the large) if it is globally uniformly attractive and is uniformly stable and
if the solutions of (.) are uniformly bounded. For example, we can refer to the books and
papers [, –, , , , ] for those deﬁnitions. When restricted to the case of the
linear system (.), the following facts are well known.
TheoremF If the zero solution of (.) is uniformly asymptotically stable, then it is globally
uniformly asymptotically stable.
We can state a natural generalization of Theorem F with n =  as follows.
Theorem. If the zero solution of (.) is uniformly asymptotically stable, then it is glob-
ally uniformly asymptotically stable.
Proof By virtue of Theorem ., if the zero solution of (.) is uniformly asymptotically




x(t; t, ξ ,η),φp∗
(











for all t ≥ t. We have only to show that the zero solution of (.) is globally uniformly
attractive and the solutions of (.) are uniformly bounded.
First we will prove the global uniform attractivity. Let ε >  and α >  be given. We now
consider the solution (x(t; t,x, y), y(t; t,x, y)) of (.) with t ∈ I and ‖(x, y)‖ < α. For
















We choose a T(ε,α) such that
T(ε,α) = 
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for t ≥ t + T .
We next prove the uniform boundedness. Let α >  be given. As mentioned in the proof











































x(t; t,x, y), y(t; t,x, y)
)∥
∥ < B(α)
for t ≥ t. This completes the proof of Theorem .. 
The claim of Theorem . contributes to clear that uniform asymptotic stability and
global uniform asymptotic stability are completely same concept for the half-linear diﬀer-
ential system (.).Moreover, we can conclude that uniform asymptotic stability, exponen-
tial stability and global exponential stability are equivalent for the half-linear diﬀerential
system (.) from the results of Theorems . and ..
5 Converse theorems on exponential stability
In this section, for comparison with Theorems B, C and E, we will discuss the converse
theorems for half-linear system (.). Recall that the right-hand side of (.) does not satisfy
Lipschitz condition at the origin. For this reason, unfortunately, Theorems B, C and E
cannot apply to (.). First, let us consider the existence of a Lyapunov function estimated
by the form ‖x‖pp. For this purpose, we give a lemma as follows.
Lemma . If (x(t), y(t)) is a solution of (.) passing through a point (x, y) ∈ R at t =


























































































































































































for t ≥ t. 
The ﬁrst converse theorem of this section is as follows.We can prove this theoremwith-
out requiring the uniqueness of solutions of (.) for the initial value problem.
Theorem . Suppose that all coeﬃcients of (.) are bounded on I and that there exist a

















for all t ≥ t ≥ , where (x(t; t,x, y), y(t; t,x, y)) is a solution of (.). Then there exist
three positive constants β, β, β and a Lyapunov function V (t,x, y) deﬁned on I × R
which satisﬁes the following conditions:
(i) β‖(x,φp∗ (y))‖pp ≤ V (t,x, y)≤ β‖(x,φp∗ (y))‖pp;
(ii) V˙(.)(t,x, y)≤ –β‖(x,φp∗ (y))‖pp.
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Proof From the assumption, all solutions (x(s; t,x, y), y(s; t,x, y)) of (.) passing through a

















for s≥ t. Therefore, we can consider the function










for s ≥ t. Note that if we suppose the uniqueness of solutions of (.) for the initial value
problem, then v(s; t,x, y) = ‖(x(s; t,x, y),φp∗ (y(s; t,x, y)))‖p holds for s ≥ t. However, we can
prove this theoremwithout requiring the uniqueness of solutions. Let V (t,x, y) be deﬁned
by




where T = (/λ) log(β p
√

































We will show that β‖(x,φp∗ (y))‖pp ≤ V (t,x, y). Since all coeﬃcients of (.) are bounded on
I , there exists an L >  such that |ψ(s)| ≤ L for all s ∈ I , whereψ is the continuous function
given in Lemma .. From Lemma ., we have
















































Therefore, condition (i) is satisﬁed.






x(s; t,x, y), y(s; t,x, y)
)
for s≥ t.




) ≤ v(s; t,x, y)
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for t ≤ u≤ s. Then we get
V
(














= V (t,x, y) +
∫ t+h+T
t+T


























= V (t,x, y)
+
(













































= βpe–pλT –  = –  ,
we obtain















This completes the proof of Theorem .. 
Note that three positive constants β, β, β in Theorem . are independent of the size
of ‖(x,φp∗ (y))‖p. The second converse theorem is as follows.

















for all t ≥ t ≥ , where (x(t; t,x, y), y(t; t,x, y)) is a solution of (.). Then there exists
a Lyapunov function V (t,x, y) deﬁned on I ×R which satisﬁes the following conditions:
(i) ‖(x,φp∗ (y))‖p ≤ V (t,x, y)≤ β‖(x,φp∗ (y))‖p;
(ii) V˙(.)(t,x, y)≤ –λV (t,x, y).
Proof Let V (t,x, y) be deﬁned by
V (t,x, y) = sup
σ≥
v(t + σ ; t,x, y)eλσ ,
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where v is the function given in the proof of Theorem .. It is clear that ‖(x,φp∗ (y))‖p ≤
V (t,x, y). On the other hand, we can easy to see that

















































v(t + τ ; t,x, y)eλτ e–λh
≤ sup
τ≥
v(t + τ ; t,x, y)eλτ e–λh = V (t,x, y)e–λh
from v(s;u,x(u), y(u))≤ v(s; t,x, y) for t ≤ u≤ s. Therefore, we can estimate that
V (t + h,x(t + h), y(t + h)) –V (t,x, y)
h ≤
e–λh – 
h V (t,x, y).






V˙(.)(t,x, y)≤ –λV (t,x, y).
This completes the proof of Theorem .. 
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